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A graph G of order n is called hyperenergetic if E(G) > 2n − 2,
whereE(G)denotes theenergyofG. TheunitaryCayleygraphXn has
vertexsetZn = {0, 1, 2, . . . , n − 1}andverticesaandbareadjacent,
if gcd(a − b, n) = 1. These graphs have integral spectrum and play
an important role in modeling quantum spin networks supporting
the perfect state transfer. We show that the unitary Cayley graph
Xn is hyperenergetic if and only if n has at least two prime factors
greater than 2 or at least three distinct prime factors. In addition,
we calculate the energy of the complement of unitary Cayley graph
and prove that Xn is hyperenergetic if and only if n has at least two
distinct prime factors and n /= 2p, where p is a prime number. By
extending this approach, for every ﬁxed k ∈ N, we construct fam-
ilies of k hyperenergetic non-cospectral integral circulant n-vertex
graphs with equal energy.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let A be the adjacency matrix of a simple graph G, and λ1, λ2, . . . , λn be the eigenvalues of the
graph G. The energy of G is deﬁned as the sum of absolute values of its eigenvalues [1],
E(G) =
n∑
i=1
|λi|.
The energy is a graph parameter stemming from the Hückel molecular orbital approximation for the
total π-electron energy (for recent survey on molecular graph energy see [2,3]).
The graphG is said to be hyperenergetic if its energy exceeds the energy of the complete graphKn, or
equivalently if E(G) > 2n − 2. This concept was introduced ﬁrst by Gutman and afterwards has been
studied intensively in the literature [4–14]. Hyperenergetic graphs are important because molecular
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graphs with maximum energy pertain to maximality stable π-electron systems. It has been proven
that for every n 8, there exists a hyperenergetic graph of order n.
A graph is called circulant if it is Cayley graph on the circulant group, i.e. its adjacency matrix is
circulant. Recently, several results have been obtained for the hyperenergetic circulant graphs [15–17].
A graph is called integral if all eigenvalues of its adjacency matrix are integers. Integral graphs are
extensively studied in the literature and there was a vast research for speciﬁc classes of graphs with
integral spectrum [18,19].
Integral circulant graphs were imposed as potential candidates for modeling quantum spin net-
works with periodic dynamics. For the certain quantum spin system, the necessary condition for the
existence of perfect state transfer in qubit networks is the periodicity of the system dynamics (see
[20,21]). Various properties of integral circulant graphs were investigated in [22–27].
Let us recall that for a positive integer n and subset S ⊆ {0, 1, 2, . . . , n − 1}, the circulant graph
G(n, S) is the graph with n vertices, labeled with integers modulo n, such that each vertex i is adjacent
to |S| other vertices {i + s (mod n) | s ∈ S}. The set S is called a symbol of G(n, S). For a positive integer
n > 1 the unitary Cayley graph Xn = Cay(Zn;Un) is deﬁned by the additive group of the ring Zn of
integers modulo n and the multiplicative group Un of its units. It is well known that
Un = {a ∈ Zn : gcd(a, n) = 1}.
So, Xn has the vertex set V(Xn) = Zn and edge set E(Xn) = {(a, b) : a, b ∈ Zn, gcd(a − b, n) = 1}.
ThegraphXn is regular of degreeϕ(n),whereϕ(n)denotes theEuler function.UnitaryCayleygraphs
are highly symmetric and have some remarkable properties connecting graph theory and number
theory. Fuchs [26] showed that the maximal length of an induced cycle in Xn is 2
k + 2, where k is the
number of different prime divisors of n. The diameter of Xn is 1 if n is prime, 2 if n is an odd composite
number, and 3 if n is an even composite number [27].
In [9], Stevanovic´ and Stankovic´ showed that graphs Kn − H, whereH is a Hamiltonian cycle of Kn is
hyperenergetic for almost all n ∈ N. Graph C(n, k1, k2, . . . , km), k1 < k2 < · · · < km < n2 is a circulant
graphwith the vertex set V = {0, 1, . . . , n − 1} such that a vertex u is adjacent to all vertices of V \ {u}
except u ± ki (mod n), i = 1, 2, . . . ,m. Given k1 < k2 < · · · < km there exists n0 ∈ N such that for
each n > n0 the graph C(n, k1, k2, . . . , km) is hyperenergetic.
Motivated by these investigations and the results in [13] concerning the energy of Knesser graphs
Kn,r , in this note we calculate the energy of unitary Cayley graphs and establish the necessary and
sufﬁcient conditions for Xn to be hyperenergetic. In addition, for any k ∈ Nwe constructed families of
k hyperenergetic non-cospectral integral circulant graphs with equal number of vertices and energy.
The plan of paper is as follows. In Section 2, we provide the explicit formula for the energy of
unitary Cayley graph Xn and prove that if n has at least three distinct prime factors or at least two
distinct prime factors greater than 2, the unitary Cayley graph Xn is hyperenergetic. In Section 3, we
calculate the energy of the complement of Xn and prove that Xn is hyperenergetic if and only if n has
at least two distinct prime factors and n /= 2p, where p is a prime number. In Section 4, we proved
that for square-free integer n = p1p2 · . . . · pk , the integral circulant graphs Xn(pi, pj) for i /= j are
hyperenergetic with energy equal to 2kϕ(n). This means, that for every ﬁxed k ∈ N, we constructed
families of k hyperenergetic non-cospectral integral circulant n-vertex graphs with equal energy.
2. The energy of unitary Cayley graphs
Let n = pα11 pα22 · . . . · pαkk , where p1 < p2 < · · · < pk are distinct primes, and αi  1.
Lemma 2.1. If k > 2 or k = 2 and p1 > 2, the following inequality holds:
2k−1ϕ(n) > n. (1)
Proof. Fork = 1, it follows thatn = pα ,wherep is aprimenumberandconsequentlyϕ(n) = pα−1(p −
1). For k = 2, set n = pαqβ , where p and q are distinct prime numbers. The inequality can be rewritten
as
2 · pα−1qβ−1(p − 1)(q − 1) > pαqβ ,
A. Ilic´ / Linear Algebra and its Applications 431 (2009) 1881–1889 1883
or pq − 2p − 2q + 2 0. If p = 2, this inequality does not hold. For p 3, it follows that q 5 and
therefore (p − 3)(q − 5) 0. After multiplication and regrouping, we get
pq − 2p − 2q + 2 q + 3p − 13 5 + 9 − 13 > 0.
Thus, for k = 2 the inequality holds if and only if p > 2.
Assume now that k 3. We have to prove the following inequality, equivalent to (1)(
1 − 1
p1
)(
1 − 1
p2
)
· . . . ·
(
1 − 1
pk
)

1
2k−1
.
Since pi  2i − 1 for i 1, it follows 1 − 1pi > 12 . In order to prove inequality, we need single
estimation(
1 − 1
p
)(
1 − 1
q
)
>
1
2
for arbitrary primes 2 < p < q. This is equivalentwith pq − 2p − 2q + 2 > 0,which is true according
to the case k = 2. This completes the proof. 
Let ω denotes a complex primitive n-th root of unity. It is proven in [27] that the eigenvalues of
unitary Cayley graph Xn are
λi =
∑
1 j<n, gcd(j,n)=1
ωij = c(i, n), 0 i n − 1.
The arithmetic function c(i, n) is a Ramanujan sum, and for integers i and n these sums have only
integral values [28],
λi = ϕ(n) · μ(ti)
ϕ(ti)
and ti = n
gcd(i, n)
,
where μ denotes the Möbius function.
It follows that for n 2, every nonzero eigenvalue of Xn is a divisor of ϕ(n). The nullity of a graph
G (see [29]), denoted as η(G), is the multiplicity of zero as the eigenvalue.
Lemma 2.2. The nullity of Xn is n − m,where m = p1p2 · . . . · pk is the maximal square-free divisor of n.
Proof. We have to count the number of solutions of the equationμ
(
n
gcd(i,n)
)
= 0. The number n
gcd(i,n)
is square-free if and only if
gcd(i, n) = n
l
, (2)
where l is an arbitrary divisor of m. The identity gcd(i, n) = d is equivalent with gcd
(
i
d
, n
d
)
= 1.
The number of solutions of equation gcd(i, n) = d for 1 i n is equal to the number of solutions
of gcd
(
i
d
, n
d
)
= gcd
(
j, n
d
)
= 1, and this is exactly equal to ϕ
(
n
d
)
by deﬁnition of the Euler function.
Therefore, thenumberof solutionsof equation (2) isϕ(l). Using thewell knownformula
∑
k|n ϕ(k) = n,
it follows that the nullity of Xn equals n −∑l|m ϕ(l) = n − m. 
Theorem 2.3. The energy of unitary Caley graph Xn equals 2
kϕ(n),where k is the number of distinct prime
factors dividing n.
Proof. The energy of a graph Xn equals
E(Xn) =
n∑
i=1
|λi| = ϕ(n)
n∑
i=1
∣∣∣∣∣∣
μ
(
n
gcd(i,n)
)
ϕ
(
n
gcd(i,n)
)
∣∣∣∣∣∣ .
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Let SF be the set of all square-free numbers. Since the absolute value of theMöbiuos function equals
0 or 1, we can reduce the sum to the square-free numbers
E(Xn) = ϕ(n)
∑
1 i n, n
gcd(i,n)
∈SF
1
ϕ
(
n
gcd(i,n)
) .
Therefore, we have to prove the following identity:
2k = ∑
1 i n, n
gcd(i,n)
∈SF
1
ϕ
(
n
gcd(i,n)
) .
The square-free numbers that divide n are exactly of the form p
β1
1 p
β2
2 · . . . · pβkk , where βi = 0 or
βi = 1. Obviously, there are 2k square-free numbers that divide n. Let m = pβ11 pβ22 · . . . · pβkk be an
arbitrary square-free number and let
gcd(i, n) = pα1−β11 pα2−β22 · . . . · pαk−βkk =
n
m
. (3)
Analogously as in Lemma 2.2, we conclude that there are exactly ϕ(m) numbers i that satisfy the
condition (3). Since the contribution of every such number equals 1
ϕ(m)
in the sum, we get 1 for every
square-free number that divides n. This concludes the proof. 
Combining these two lemmas, now we can prove the main result:
Theorem 2.4. The unitary Cayley graph Xn is hyperenergetic if and only if k > 2 or k = 2 and p1 > 2.
3. Complement of unitary Cayley graphs
The largest eigenvalue λ1 is equal to the degree of Xn, λ1 = ϕ(n). The spectra of the complement
of unitary Cayley graph Xn consists of eigenvalues n − 1 − λ1,−λ2 − 1,−λ3 − 1, . . . ,−λn − 1 [30].
Theorem 3.1. Let m = p1p2 · . . . · pk be the largest square-free number that divides n. The energy of the
complement of unitary Cayley graph Xn equals
E(Xn) = 2n − 2 + (2k − 2)ϕ(n) −
k∏
i=1
pi +
k∏
i=1
(2 − pi).
Proof. Consider the following sum:
S =
n∑
i=1
| − λi − 1| =
n∑
i=1
|λi + 1|.
We already know the nullity of Xn, and therefore we will sum only the non-zero eigenvalues from the
spectra ofXn. Divide the sum S in twoparts:when
n
gcd(n,i)
is a square-free numberwith an evennumber
of divisors and when n
gcd(n,i)
is a square-free number with an odd number of divisors. The number of
even subsets of {p1, p2, . . . , pk} is equal to the number of odd subsets of {p1, p2, . . . , pk}, since(
k
0
)
+
(
k
2
)
+
(
k
4
)
+ · · · =
(
k
1
)
+
(
k
3
)
+
(
k
5
)
+ · · · = 2k−1.
Using the same technique as in Theorem 2.3, in the ﬁrst case we have
∑
i∈S1
⎛
⎝ ϕ(n)
ϕ
(
n
gcd(i,n)
) + 1
⎞
⎠ = ϕ(n) · 2k−1 + ∑
l|m, μ(l)=1
ϕ(l). (4)
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Let l be a square-free number that divides m with an even number of prime factors. The number of
solution of the equation n
gcd(i,n)
= l is equal to ϕ(l). For all 0 i < n that satisfy n = l · gcd(i, n) we
have
ϕ(n)
ϕ
(
n
gcd(i,n)
) · ϕ(l) + ϕ(l) = ϕ(n) + ϕ(l).
After taking the summation for all l|mwithμ(l) = 1we derive the identity (4). Analogously, in the
second case we have
∑
i∈S2
⎛
⎝ ϕ(n)
ϕ
(
n
gcd(i,n)
) − 1
⎞
⎠ = ϕ(n) · 2k−1 − ∑
l|m, μ(l)=−1
ϕ(l).
Since Euler function ϕ(n) is multiplicative, after adding the above sums we get
S=(n − m) + ϕ(n) · 2k +∑
l|m
μ(l)ϕ(l)
=n − m + ϕ(n) · 2k +
k∏
i=1
(1 − ϕ(pi)) = n − m + E(Xn) +
k∏
i=1
(2 − pi).
Finally, the energy of Xn equals
E(Xn)=S − |λ1 + 1| + |n − λ1 − 1|=n − 2ϕ(n) − 2 + n − m + E(Xn) +
k∏
i=1
(2 − pi). 
The inequality E(Xn) > 2n − 2 is equivalent to
f (n) = (2k − 2)ϕ(n) −
k∏
i=1
pi +
k∏
i=1
(2 − pi) > 0.
For the cases n = pα or n = 2p, where p is a prime number – we have inequality f (n) < 0, and Xn
is non hyperenergetic graph. If n is not a square-free number of the form 2αpβ , we have(
22 − 2
)
· 2α−1pβ−1(2 − 1)(p − 1) 4(p − 1) > 2p,
providing that Xn is hyperenergetic graph. For p1 = 2 and k > 2, according to Lemma 2.1, it holds
(
2k − 2
)
ϕ(n) > 2k−1ϕ(n) > n
k∏
i=1
pi.
For even k > 2 or k = 2 and p1 > 2, we can use again Lemma 2.1,
(
2k − 2
)
ϕ(n) +
k∏
i=1
(pi − 2) > 2k−1ϕ(n) > n
k∏
i=1
pi.
For odd k 3, we have similar stronger inequality as above
(
2k − 2
) k∏
i=1
(pi − 1) > 2
k∏
i=1
pi >
k∏
i=1
pi +
k∏
i=1
(pi − 2).
Using the monotonicity of
pi
pi−1 , it follows:
k∏
i=1
pi
pi − 1 <
3
2
· 5
4
·
(
7
6
)k−3
< 2k−1 − 1,
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The last inequality is equivalent with 15 · 7k−3 < 8 · 6k−3 · (2k−1 − 1). After regrouping, we have
8 · 6k−3 + 15 · 7k−3 < 32 · 12k−3,
which is evidently true. Therefore, we have the following
Theorem 3.2. The complement of unitary Cayley graph Xn is hyperenergetic if and only if n has at least
two distinct prime factors and n /= 2p, where p is a prime number.
4. Integral circulant graphs
Gcd-graphs arise as a generalization of unitary Caley graphs, recently studied by Klotz and Sander.
Let D be a set of positive, proper divisors of the integer n > 1. Deﬁne the gcd-graph Xn(D) to have
vertex set Zn = {0, 1, . . . , n − 1} and edge set
E(Xn(D)) = {{a, b}|a, b ∈ Zn, gcd(a − b, n) ∈ D} .
In [27] it was proven that these graphs have integral spectrum,
λk =
∑
d∈D
c
(
k,
n
d
)
, 0 k n − 1.
So in [22] proved that a circulant graph is integral if and only if it is a gcd-graph. If Dn is the set of
all divisors of n, including 1 and excluding n, notice that
Xn(D) = Xn(Dn \ D).
As the ﬁrst step, we can consider number n = pα11 pα22 · . . . · pαkk andD = {1, pi}, whereαi = 1. The
eigenvalues of Xn(D) are
λk = c(k, n) + c
(
k,
n
pi
)
= μ
(
n
gcd(k, n)
)
· ϕ(n)
ϕ
(
n
gcd(k,n)
) + μ
(
n
gcd(k · pi, n)
)
· ϕ
(
n
pi
)
ϕ
(
n
gcd(k·pi ,n)
)
Letm · gcd(k, n) = n andm′ · gcd(k · pi, n) = n. Using these relations one caneasily getm′ · gcd(pi,
m) = m.
If m is not a square-free number, it follows that μ(m) = 0 and p2j |m for some 1 j k, j /= i. This
means thatm′ is also divisible by p2j and similarly μ(m′) = 0. It follows that λk = 0 in this case.
If gcd(m, pi) = 1, we havem = m′ and
|λk| =
ϕ(n) + ϕ
(
n
pi
)
ϕ(m)
. (5)
If gcd(m, pi) = pi,wehave thatμ(m)andμ(m/pi)havedifferent signsandusing themultiplicatives
of Euler function,
|λk| =
∣∣∣∣∣μ(m) · ϕ(n)ϕ(m) + μ(m/pi) ·
ϕ(n/pi)
ϕ(m/pi)
∣∣∣∣∣
=
∣∣∣∣∣ ϕ(n)ϕ(m) −
ϕ(n/pi)
ϕ(m/pi)
· ϕ(pi)
ϕ(pi)
∣∣∣∣∣ = 0.
Therefore, we have to add all eigenvalues (5) such that pi does not dividem. There are 2
k−1 possible
values form, and for every valuem there are exactly ϕ(m) solutions of the equationm · gcd(k, n) = n.
Since ϕ(n) = ϕ(pi) · ϕ(n/pi), this means that
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E(Xn(1, pi)) = 2k−1 · (ϕ(n) + ϕ(n/pi)) = 2k−1 · pi · ϕ(n/pi) = E(Xn(pi)).
Therefore, we have proved the following
Theorem 4.1. Let n = pα11 pα22 · . . . · pαkk . For a two-element set of divisors D = {1, pi} where αi = 1, it
holds
E(Xn(1, pi)) = 2k−1pi · ϕ
(
n
pi
)
.
For k > 3 the integral circulant graph Xn(1, pi) is hyperenergetic, since
E(Xn(1, pi)) = 2pi · 2k−2ϕ
(
n
pi
)
> 2pi · n
pi
= 2n.
Another result concerns the square-free number n = p1p2 · . . . · pk and divisor set D = {pi, pj}.
Theorem 4.2. Let n be a square-free number, n = p1p2 · . . . · pk. Then the energy of integral circulant
graph Xn(pi, pj) does not depend on the choice of pi and pj ,
E(Xn(pi, pj)) = 2kϕ(n) = 2k
k∏
i=1
(pi − 1).
Proof. For 1 k n, let
m = n
gcd(k · pi, n) and m
′ = n
gcd(k · pj , n) .
We distinguish four cases.
Case 1. Number k is divisible by pi and pj . Numbers m and m
′ are equal and not divisible by pi and
pj . Therefore, it holds
|λk| =
ϕ
(
n
pi
)
+ ϕ
(
n
pj
)
φ(m)
.
The number of solutions of gcd(k, n) = n
m
is equal toϕ(m). The number of possible values ofm is equal
2k−2, since we can choose any divisor of n
pipj
. Therefore, the contribution in this case equals
2k−2
(
ϕ
(
n
pi
)
+ ϕ
(
n
pj
))
.
Case 2.Number k is divisible by pi and not by pj . It holdsm = m′ · pj andwe haveμ(m) = −μ(m′).
|λk| =
∣∣∣∣∣∣∣
ϕ
(
n
pj
)
ϕ(m′)
− ϕ
(
n
pi
)
ϕ(m′pj)
∣∣∣∣∣∣∣ =
ϕ(n) − ϕ
(
n
pi
)
ϕ(m′pj)
.
The number of solutions of gcd(k · pj , n) = nm′ , is equal to ϕ(m′pj). Therefore, the contribution in
this case equals
2k−2
(
ϕ(n) − ϕ
(
n
pi
))
.
Case 3. Number k is divisible by pj and not by pi. Similarly, we derive the contribution
2k−2
(
ϕ(n) − ϕ
(
n
pj
))
.
1888 A. Ilic´ / Linear Algebra and its Applications 431 (2009) 1881–1889
Case 4. Number k is not divisible by pi nor by pj . Now holds mpi = m′pj = m′′pipj and μ(m) =
μ(m′).
|λk| =
ϕ
(
n
pi
)
ϕ(m)
+
ϕ
(
n
pj
)
ϕ(m′)
= 2ϕ(n)
ϕ
(
m
′′
pipj
)
The number of solution of gcd(k · pi, n) = nm and gcd(k · pj , n) = nm′ is equal to ϕ
(
m
′′
pipj
)
. Finally,
we have the contribution
2k−2 · 2ϕ(n) = 2k−1ϕ(n).
After summing all contributions in these four cases, we get that E(Xn(pi, pj)) = 2kϕ(n). Further-
more, the nullity of Xn(pi, pj) is equal to zero. 
Using previous result, we can construct at least k non-cospectral regular n-vertex hyperenergetic
graphs,
Xn(1), Xn(p1, p2), Xn(p1, p3), . . . , Xn(pk−1, pk),
with equal energy [31,32]. These graphs are obviously regular and not cospectral, because their largest
eigenvalues are different,
ϕ(n) = ϕ
(
n
p1
)
(p1 − 1) > ϕ
(
n
p1
)
+ ϕ
(
n
p2
)
> ϕ
(
n
p1
)
+ ϕ
(
n
p3
)
> · · · > ϕ
(
n
p1
)
+ ϕ
(
n
pk
)
.
Corollary 4.3. For every k ∈ N, there exist inﬁnite number of families of k hyperenergetic non-cospectral
integral circulant n-vertex graphs with equal energy.
It would be interesting to calculate the energy of an arbitrary gcd-graph Xn(D) and we leave it as
open problem. Even the special case when the divisor set consists of three prime divisors of n seems
difﬁcult to solve elegantly.
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